We give a characterization of dynamical C*-systems such that the relative commutant of the fixed-point C*-algebra is minimal (i.e., it is generated by the centre of the given C*-algebra and the centre of the fixed-point C*-algebra), in terms of suitable C*-algebra bundles. The group acting on the C*-algebra is the (noncompact, in general) space of sections of a compact group bundle.
Introduction.
A result by S. Doplicher and J.E. Roberts ([12, Thm.1]) characterizes any compact C*-dynamical system (B, G) with conditions A ′ ∩B = B ∩B ′ , A∩A ′ = C1 (with A := B G ), in terms of a bundle of C*-algebras over a suitable cosets space. The corresponding fibre is a C*-dynamical system (F , H) with H ⊆ G, satisfying the conditions F H ≃ A, A ′ ∩ F = C1 . The main application of such construction is in the context of crossed products of C*-algebras by endomorphisms satisfying certain symmetry properties, and determining a compact Lie group (see [16] ). In the present work we generalize the above mentioned theorem, in the following sense:
1. We consider C*-dynamical systems (B, G) in the framework of C(X)-algebras, where X is a compact Hausdorff space (roughly speaking, a
The main motivation for such assumptions is the wish of including in our context interesting C*-dynamical systems, as group actions over continuous bundles of UHF-algebras (in particular, fermion algebras), and Cuntz-Pimsner algebras of vector bundles (see Rem.4.1, Ex.5.5, [33] ). Our main result Thm.6.6 characterizes B as an induced bundle in the C(X)-algebra tensor product C(G) ⊗ X F ( [2] ), where F is a suitable quotient of B carrying an action by a closed group H ⊆ G, and satisfying the conditions
The above relations play an important role in the context of certain C*-dynamical systems arising from superselection structures with nontrivial centre, called 'Hilbert C*-systems' (see [4, 6] ). From a physical viewpoint, (1.1) appears in the context of low-dimensional (conformal) quantum field theory ( [24] ): the C*-algebra F plays the role of a field algebra, A is a universal algebra from which the 'real' observable algebra can be recovered, and H is the gauge group. An example of such a structure is given by the Streater-Wilde model ( [32] ), as by recent work ( [7] ). Roughly speaking, in our approach we regard at F as a bundle {F x } x∈X of field algebras, on which a bundle {H x } x∈X of gauge groups acts; in general, we allow H x1 = H x2 for x 1 = x 2 ∈ X . In analogy with the original motivation of Doplicher and Roberts, we will apply our construction to certain crossed products by endomorphisms, which will supply a step for the construction of a duality theory for noncompact groups. The tensor categories that we consider in the context of such a duality are characterized by the property (ι, ι) = C(X), where ι is the identity object (see [35] ).
The present work is organized as follows. In Section 2 we give some basic properties about bundles p : Y → X , regarded as the topological counterparts of the commutative C 0 (X)-algebras C 0 (Y ) (Def.2.1); in particular, we consider the spaces S X (Y ) of continuous sections s : X ֒→ Y , p • s = id X . In Section 3, we consider the C 0 (X)-algebra tensor product C 0 (Y ) ⊗ X A, and describe the elements of C 0 (Y ) ⊗ X A in terms of 'bundle maps' from S X (Y ) into A (Prop.3.3). In Section 4 we consider group bundles, and the corresponding groups of continuous sections (for brevity called section groups, see Def.4.2); in the case in which the group bundle is locally trivial, we prove the existence of C 0 (X)-valued invariant functionals, playing the role of the Haar measure (Def. 4.4, Prop.4.6) . In Section 5, we introduce the notion of section group action on a C 0 (X)-algebra, defined in such a way that the action is compatible with the bundle structure (Def.5.1); we establish some basic properties, and make use of invariant means arising from the invariant C 0 (X)-valued functionals (Prop.5.3). Section 6 contains our main result Thm.6.6, generalizing [12, Thm.1] to the framework of C 0 (X)-algebras. An important technical condition is that there must exists a continuous section s : X ֒→ Ω, where Ω is the spectrum of B ∩B ′ ; this characterizes Ω as an 'homogeneous bundle' in the sense of (4.14). We give a class of examples, in the context of Cuntz-Pimsner algebras associated with vector bundles, and briefly discuss the relationship with Hilbert C*-systems.
Keywords. About topological and group bundles, it is aim of the present paper to be self-contained; anyway, for standard notions about these topics we refere the reader to [20] . Let X be a locally compact Hausdorff space; a C 0 (X)-algebra is a C*-algebra A equipped with a nondegenerate morphism C 0 (X) → ZM (A), where ZM (A) is the centre of the multiplier algebra M (A) ( [22] ); in the sequel, we will identify the elements of C 0 (X) with their images in M (A). C 0 (X)-algebras correspond to upper-semicontinuous bundles of C*-algebras ([25, Thm.2.3]), thus generalize the classical notion of continuous field (bundle) of C*-algebras ( [8, §10] , [23] ). If x ∈ X , the fibre A x of A over x is defined as the quotient of A by the ideal ker
Tensor products in the setting of C 0 (X)-algebras are defined in [2] : in the present work, they will be denoted by ⊗ X . In the present paper, we will also make use of some elementary properties of vector bundles; for basic notions and terminology we will refere to [1, 21] . In particular, we recall the reader to the Swan-Serre Theorem ([1, §1.4], [21, I.6.18] ), and to the notion of G-vector bundle ([1, §1.6], [31] ). About Cuntz-Pimsner algebras, and their relationship with (semi)tensor C*-categories, we recommend the reader to [26, 11, 33] 
In the sequel, a bundle will be also denoted simply by
if F is also an homeomorphism, then we say that Y , Y ′ are isomorphic. Let X , Y 0 be locally compact Hausdorff spaces; the natural projection p : X × Y 0 → X defines in a natural way a bundle. A bundle isomorphic to X × Y is called trivial.
Our definition of bundle is more general w.r.t. the usual notion; in fact, it is customary to assume that a bundle is locally trivial, i.e. that there is a locally compact Hausdorff space Y 0 such that for every x ∈ X there is a neighborhood U ∋ x with a bundle isomorphism
In our terminology, a bundle p : Y → X is the topological counterpart of the commutative C 0 (X)-algebra C 0 (Y ); the associated structure morphism is in fact given by i p :
given by the restriction z x := z| Yx . In the case in which p is open, C 0 (Y ) is a continuous bundle of C*-algebras over X ( [3, Thm.3.3] ). If Y is locally trivial, then C 0 (Y ) is a locally trivial continuous bundle over X , with fibre C 0 (Y 0 ).
Proof. We define the following state
We verify that ϕ x is well defined. Let
be the ideal of functions vanishing on x; since ker π x is a nondegenerate Banach C x (X)-bimodule, by [3, Prop.1.8] there is f ∈ C x (X) such that z − z ′ = f w , w ∈ ker π x . Thus
and ϕ x is well-defined. It is clear that ϕ x is also positive, so that the lemma is proved.
Let id X denote the identity map over X . A (not necessarily continuous)
in such a case, since s is injective we find that s : X → s(X) is an homeomorphism. From the C*-algebraic point of view, a section defines a C 0 (X)-epimorphism
We denote by S X (Y ) the set of sections of Y . Now, S X (Y ) is endowed with the 'uniform convergence' weak topology such that for every z ∈ C 0 (Y ) the map {s → z • s} is norm continuous. Of course, if X reduces to a single point we get the usual Gel'fand topology over Y ≡ S {x} (Y ). The associated notion of convergence is
Note that if s n → s in the above sense, then each sequence {s n (x)} n ⊆ Y uniformly converges w.r.t. x. In the case in which Y = (Y, d) is metrisable we have
In this case, we say that Y is full.
3 Pullbacks of C 0 (X)-algebras.
Let p : Y → X be a full bundle, A a C 0 (X)-algebra; for every x ∈ X , we denote by π x : A → A x the epimorphism from A onto the fibre A x . In the present section we give a description of the C 0 (X)-algebra tensor product C 0 (Y ) ⊗ X A in terms of suitable continuous maps from S X (Y ) into A. Our aim is to apply such a description to the case in which Y is a group bundle acting on A in a suitable sense (see the next sections).
Let S ⊆ S X (Y ) be a total subset. We consider continuous maps F : S → A satisfying the following properties:
vanishes at infinity;
3. The norm function
is vanishing at infinity and upper semicontinuous.
If Y (resp. X ) is compact we do not require the 'vanishing at infinity' property. Since Y is full, the family (F x ) is unique: in fact, for every y ∈ Y we have y = s • p(y) for some s ∈ S ; so that, if (F ′ x ) is another family satisfying (3.1),
the set of continuous maps F : S → A satisfying (3.1,3.2,3.3); in the case in which Y is compact we use the notation C X (S, A). Note that the map n Y F | Yx is continuous and vanishes at infinity, thus for every ε > 0 the set
is compact; moreover, for every s ∈ S X (Y ) we have
The next lemma shows that C X 0 (S, A) is non-void.
Proof. Since the map {S ∋ s → (z • s) ∈ C 0 (X)} is continuous, it is clear that T is continuous. Moreover, for every x ∈ X we define
, is vanishing at infinity and upper semicontinuous; moreover,
so that the map {Y ∋ y → T p(y) (y) } vanishes at infinity. Thus (3.2,3.3) are satisfied, and T ∈ C X 0 (S, A).
We introduce the norm
Proof. Let F ∈ C X 0 (S, A). We pick ε > 0 and consider the compact set
We also consider the following open cover of Y , labelled by elements s ∈ S :
We now pick a locally finite subcover U sj , with a subordinate partition of unit {λ j } . By compactness, there is a minimal n(ε) ∈ N with a finite subset
Now, by definition of U s k for every index k we find
Finally, note that if y ∈ Y − Y ε then F x (y) < ε and
, and the lemma is proven.
t. the norm (3.7). Thus, C
Remark 3.1. Let p : Y → X be a group bundle with a total set S ⊆ S X (Y ).
By applying the previous proposition for
A = C 0 (X), we obtain a 'generalized Gel'fand transform' C 0 (Y ) ≃ C X 0 (S, C 0 (X)).
Group Bundles.
Definition 4.1. Let X be a locally compact Hausdorff space. A group bundle is a bundle p : G → X in the sense of Def.2.1, such that every fibre G x := p −1 (x), x ∈ X , is a locally compact group w.r.t. the topology induced by G . If every G x , x ∈ X , is compact, we say that G is a compact group bundle.
Note that also in this case our terminology is not standard; in fact, it is customary to assume local triviality.
Let now G 0 be a locally compact group, K a topological group acting continuously by proper homeomorphisms on G 0 ; if α ∈ K , y ∈ G 0 , we denote by α · y the element of G 0 obtained by applying α to y . We say that a locally trivial group bundle G has structure group K if for every pair of local charts
It is well-known from the theory of fibre bundles ( [20] ) that the set {α ij : U i ∩ U j → K} ij (usually called the set of transition maps) identifies G up to isomorphism.
Example 4.1 (principal bundles). Let G 0 be a locally compact group. Then, G 0 acts on itself (by homeomorphisms) by left multiplication
A locally trivial group bundle p : G → X with fibre G 0 is said principal if it has structure group G 0 , acting by the above action.
The class of group bundles described in the next example will play an important role for future applications (see Ex.4.4, Ex.5.5).
Example 4.2 (quasi-principal bundles). Let
We denote by
be characterized in terms of families of continuous maps
Let p : G → X be a principal bundle, and {g ij : U i ∩ U j → G 0 } a set of transition maps. Then, a quasi-principal bundle QG → X can be assigned to G , by considering the set of transition maps ad gij : [8, Ch.10 
]).
Let p : G → X be a group bundle. For every x ∈ X we denote by e(x) the identity of G x , and consider the identity selection
Note that for every g, g ′ ∈ S X (G), the following selections are defined: 
Note that a section group is typically not locally compact (as the group C(X, G 0 ) in the previous example), thus in general no Haar measure is defined.
Remark 4.2. Let p : G → X be a group bundle, H ⊂ S X (G) a topological group with the structure (4.3,4.4,4.5) . We define H := {y ∈ G : y = h • p(y) , h ∈ H} . By construction H → X is a group bundle, and H is a section group for H ; note that H is typically non-locally trivial (for example, take 
Suppose that the identity selection (4.3) is continuous and that
Proof. We denote by e 0 the identity of G 0 , so that e(x) = e 0 , x ∈ X . Let y ∈ G , x 0 := p(y).
We consider an open trivializing set U ⊆ X , U ∋ x 0 , and the corresponding local chart α U :
We consider a cutoff function λ ∈ C 0 (X), 0 ≤ λ(x) ≤ 1 , x ∈ X , such that λ| X−U = 0 , λ(x 0 ) = 1 ; then, we define the selection
It is clear that g is continuous. The fact that S X (G) is a topological group follows by local triviality: 
} is a set of transition maps associated with E (see [21, I.3.5] 
the locally trivial group bundle with fibre U(d) and transition maps ad uij : Every section group G acts on p : G → X by left and right translation
)). By the previous lemma, UE is full. Let now
We also consider the left and right translation actions over each fibre G x , x ∈ X :
We recall the reader to the notation used in Lemma 2.3. 
Proof. Let {ϕ x ∈ C 0 (G x ) * } x be family of states defined as by Lemma 2.3. The equality (4.11) implies that
thus ϕ x is a left (resp. right) G x -invariant state on C 0 (G x ); the left (resp. right) G x -invariance of ϕ x implies that ϕ x = χ x µ x for some χ x ∈ R + . This also implies that if ϕ ′ : C 0 (G) → C 0 (X) is a left (resp. right) invariant positive C 0 (X)-functional then by (4.13) we find
where z ∈ C 0 (G), and τ (x) := χ
Thus, we have just to verify that τ is continuous; for this purpose, we consider an approximate unit {λ i } i ⊂ C 0 (G), and note that τ is a limit in the strict topology
since the net in the r.h.s. of the previous equality is contained in C 0 (X), we conclude τ ∈ C b (X).
Let G 0 be a locally compact group, K a topological group acting continuously by proper homeomorphisms on G 0 . Then, K acts by automorphisms on C 0 (G 0 ); in the sequel, we will identify the elements of K with the corresponding automorphisms of C 0 (G 0 ). 
Proof. Let
Since G has structure group K , for every U i ∩ U j = ∅ we have that
is a cocycle defining a continuous map α :
In order to prove the lemma, we note that if
for every α ∈ K ; so that,
Thus, a left (resp. right) invariant positive C 0 (X)-functional is defined on C 0 (G), by 'clutching' the family {ϕ i }. Proof. Let G 0 be the fibre of G . We denote the Haar measure by ϕ 0 (z) = G0 z(y) dµ(y), z ∈ C 0 (G 0 ); since ϕ 0 is left and right G 0 -invariant, we find
where g ∈ G 0 and α is defined by (4.2); thus, we apply the previous proposition. Proof. Let G 0 be the fibre of G . We denote the right Haar measure by ϕ 0 (z) = G0 z(y) dµ(y), z ∈ C 0 (G 0 ); since ϕ 0 is right G 0 -invariant, we find
where g ∈ G 0 and ρ 0 g ∈ autC 0 (G 0 ) is defined as by (4.9); thus, we apply the previous proposition.
Let p : G → X be a group bundle, H ⊆ S X (G) a closed group w.r.t. the structure (4.3,4.4,4.5). For every y ∈ G , we denote y H := {hy : h ∈ H} and introduce the homogeneous bundle 14) which is naturally endowed with the quotient topology induced by G . We denote by
the canonical projection; note that p H is a bundle morphism. Let H x denote the closed group {h(x), h ∈ H} ⊆ G x ; then H /G has a natural bundle structure
with fibre the space p
Every H x / G x is Hausdorff, and H /G is a locally compact Hausdorff space itself. If G is full, then the same is true for H /G : in fact, the set G H := {g H := p H • g, g ∈ S X (G)} ⊂ S X (H /G ) is total for H /G . There is a natural inclusion j H : C 0 (H /G ) ֒→ C 0 (G), with j H c (y) := c • p H (y), y ∈ G , c ∈ C 0 (H /G ). Note that j H c (hy) = j H c (y), h ∈ H . In the sequel, we will regard at C 0 (H /G ) as a C 0 (X)-subalgebra of C 0 (G).
Actions on C 0 (X)-algebras.
Let A be a C 0 (X)-algebra, endowed with the evaluation epimorphisms π x : A → A x , x ∈ X . We denote by aut X A the group of C 0 (X)-automorphisms of A; as remarked in [25, 28] , every α ∈ aut X A induces a field of automorphisms α x ∈ autA x such that
x ∈ X , a ∈ A.
Definition 5.1. Let p : G → X be a group bundle, G ⊆ S X (G) a section group, A a C 0 (X)-algebra. We say that G acts fiberwise on A if there is an injective, strongly continuous action α :
1. for every x ∈ X , there is a strongly continuous action α
In such a case, we say that α is a fibered action, and that the triple (A, G, α) is a fibered C 0 (X)-system. Example 5.1. Let B be a unital C*-algebra, G a locally compact group acting on B by a strongly continuous action α : G → autB . We define C(X) := (B ∩ B ′ ) α , and note that B is a C(X)-algebra. We consider the bundle G := X × G, so that G is a section group for G with an action α : G → aut X B . By (5.1), we can regard at α as a fibered action. Thus, usual group actions can be regarded as fibered actions associated with trivial group bundles; in particular, the C*-dynamical systems considered in [18, 19] are examples of fibered actions.
Example 5.2. Let G → X be a compact group bundle, G ⊆ S X (G) a section group. It follows from (4.9,4.10) that the translation actions (4.8) are fibered.
Let q : Ω := H /G → X be an homogeneous bundle in the sense of (4.14); if ω := y H ∈ Ω, y ∈ G , for every g ∈ G we define ωg := (yg) H , where yg ∈ G is defined by (4 are defined by i r (t) := t ⊗ 1 , where 1 ∈ A is the identity. There is a fibered action α :
.7). Note that q(ωg) = q(ω). There is an action
α : G → aut X C(Ω), with (α g c)(ω) := c(ωg), c ∈ C(Ω), ω ∈ Ω, g ∈ G. It is clear that α is fibered, with α x : G x → autC( H x / G x ), x ∈ X ,
defined as the usual right translation action on the homogeneous space
H x / G x .U A → aut X A ∞ , defined by α g (t) := g ⊗ r · t · g * ⊗ r , t ∈ A r , g ∈ U A.
It is easily verified that A ∞ is a continuous bundle of UHF-algebras of type d
∞ ; in the case d = 2 , we obtain a bundle of fermion algebras.
Example 5.5. Let E → X be a vector bundle. Then, the unitary group UE of L(E) acts fiberwise on the Pimsner algebra O E of the module of sections of E (see Ex.4.4, [33, 35]).
Remark 5.1. We make some elementary remarks about fibered actions and pullbacks. Let X be a compact Hausdorff space, and A a unital C(X)-algebra. If α : G → aut X A is a fibered action, we denote by X ′ the spectrum of (A∩A ′ ) α . The obvious inclusion C(X) ֒→ C(X ′ ) ≃ (A ∩ A ′ ) α induces a surjective map q : X ′ → X ; we denote by q * G := G × X X ′ → X ′ the pullback bundle associated with p : G → X . We want to verify that a section group is naturally defined on q * G : at this purpose, for every g ∈ G we define q * g :
It is clear that q * g ∈ S X ′ (q * G). Let (y, x ′ ) ∈ q * G ; since for every y ∈ G there is g ∈ G with y = g •p(y), we find (y, x ′ ) = q * g(x ′ ); this proves that q * G := {q * g : g ∈ G} is a section group for q * G . Now, it is clear that A is a C(X ′ )-algebra; thus, we define the action
Let A be a C(X)-algebra, p : G → X a compact group bundle with a section group G; by applying Prop.3.3, we identify C(G) ⊗ X A with C X (G, A). Let ι denote the identity automorphism on A; then, the translation actions (4.8) extend in a natural way on C(G) ⊗ X A:
It is easily verified that the actions (5.2) are fibered,
; the actions λ x (resp. ρ x ) are defined according to (4.9).
Lemma 5.2. Let p : G → X be a compact group bundle with a section group G, A a C 0 (X)-algebra carrying a fibered action α :
Proof. According to (3.1), we have to prove that a defines a vector field (
at this purpose, we define a x (y) := α
From the definition of fibered action, it follows that a x ∈ C(G x )⊗A x , and that
It is trivial to verify that the map {a → a} is isometric and preserves the * -algebra structure. Moreover,
Let p : G → X be a compact group bundle with a right invariant positive C(X)-functional ϕ : C(G) → C(X), G a section group for G , and A a C(X)-algebra. If id A is the identity automorphism on A, then the right G-invariant mean
is defined, so that the equality 
is defined, where a ∈ C(G) ⊗ X A is the map defined by (5.2) . For every x ∈ X , the following equality holds:
where µ x is the Haar measure on G x . We define
As an application of the notions introduced above, we give some elementary properties of fibered actions in the abelian case. Let X be a compact Hausdorff space, C := C(Ω) a unital, abelian C(X)-algebra, so that there is a surjective map q : Ω → X ; we define Ω x := q −1 (x), x ∈ X . In such a way, the C(X)-algebra structure of C is described by the monomorphism i q : C(X) → C , i q (f ) := f • q . Moreover, let p : G → X be a compact group bundle with a section group G, ϕ : C(G) → C(X) a left (right) invariant positive C(X)-functional. We consider a fibered action α : G → aut X C such that C α = i q (C(X)).
Lemma 5.4. With the above notation, C is a continuous bundle of abelian C*-algebras over X , with fibres C( H
Proof. Let ω ∈ Ω, x := p(ω) ∈ X . Since G acts fiberwise on C , for every x ∈ X there is an action
We now prove that G x acts transitively on Ω x . Let f ∈ C(Ω x ) be G x -invariant; by the Tietze theorem, there is f ′ ∈ C(Ω) with f ′ | Ωx = f ; by applying the the G-invariant mean we obtain a function
Since f 0 ∈ i q (C(X)) = C α , we obtain that f 0 is a constant function on Ω x for every x ∈ X . This proves that f is a constant map; thus C(Ω x )
we denote the elements of M by v c ∈ M, c ∈ C . Note that C acts by multiplication on M, so that there is a
Since m G is positive, we find that π is injective, so that C is a continuous bundle of C*-algebras over X (see [2, §1] ). In particular, note that M defines a continuous field of Hilbert spaces with fibres isomorphic to 4. There is a C(X)-monomorphism i : C ֒→ C(G);
6. q : Ω → X is isomorphic to an homogeneous bundle H /G (with the notation (4.14)), for some closed group H ⊆ G determined up to isomorphism;
There is an isomorphism of C*-dynamical systems
where α is the right translation G-action over C(H /G ), and H ⊆ G is unique up to isomorphism.
Proof. The equivalences between (1) and (2), (3) and (4), (6) and (7) follow by applying the Gel'fand transform. In order to prove (1) ⇒ (4), we recall that Lemma 2.3 implies that for every x ∈ X there is φ x : C(Ω x ) → C such that (φ(c)) (x) = φ x (c x ) = c(s(x)), where c ∈ C and c x := c| Ωx . We define
it is trivial to verify that i(c) ∈ C X (G, C(X)). By applying Prop.3.3, Rem.3.1, we obtain that i defines a map i : C → C(G). The fact that i is a C(X)-algebra morphism follows by routine verifications. Moreover, by the previous lemma we have
follows by the fact that G is full. (6) ⇒ (5) is obvious, since homogeneous bundles are full. The last assertion that we have to verify is (4) ⇒ (7). For this purpose, we define
identify C(H /G ) with the corresponding C(X)-subalgebra of C(G), and define
h ∈ H , y ∈ G ; then, for every ω ∈ Ω there is y ∈ G such that ω = s(q(ω))y (note that y is unique up to left multiplication by an element of H ), and we define c(ω) := z(y). It is easily verified that c ∈ C , and z = τ c; thus, τ is surjective and is also an isomorphism. Finally, if a closed group
is defined, and we find
(we identified H with the corresponding automorphism group in aut X C ). Thus H ′ is isomorphic to H .
Bundles of induced algebras.
Notation. In the present section we will denote by p : G → X a compact group bundle, and by G ⊆ S X (G) a section group. Moreover, we will denote by B a unital C(X)-algebra carrying a fibered action α : G → aut X B . We fix our notation with A := B α , Z := A ∩ A ′ , C := B ∩ B ′ . By Rem.5.1, we may eventually 'rescale' X , and assume that
We denote by C ∨ Z the C*-subalgebra of B generated by C and Z . We denote by π x : B → B x , x ∈ X , the epimorphisms associated with B as an upper semicontinuous bundle over X . Note that A, Z , C inherit from B the structure of C(X)-algebra. We denote by Ω the spectrum of C , and by q : Ω → X the natural projection induced by the C(X)-algebra structure of C .
Suppose now that there exists a continuous section s : X → Ω. We denote by
the associated C(X)-epimorphism. Let us define
By Lemma 5.5, there is an isomorphism C ≃ C(H /G ). Let now φ g := φ s • α g , g ∈ G; the condition that Ω is full (see Lemma 5.5) can be translated as ∩ g ker φ g = {0}. We now consider the following closed ideal of B :
and denote by η : B → F := B/ (ker φ s · B) (6.3) the associated epimorphism. By construction h ∈ H ⇒ α h (ker η) = ker η , so that ker η is H -invariant, and there is an action
Since α is a fibered action, we have that β is a fibered action. For every
(6.5)
Corollary 6.1. The morphism η is injective on A, so that F is a C(X)-algebra and η is a C(X)-morphism.
Proof. Let a ∈ A ⊂ B be norm limit of elements of the type i c i b i , with c i ∈ ker φ s . Then a = α g (a) ∈ ker φ g −1 · B for every g ∈ G. From (6.5), we find a = 0 .
We denote by τ x : F → F x , x ∈ X , the epimorphisms associated with F as an upper-semicontinuous bundle over X . Let H x := {h(x), h ∈ H}. Since β is fibered, we have a family of automorphic actions
Let us consider the tensor product C(G) ⊗ X F : since G is a section group for G (in particular, G is a total subset), by Prop.3.3 we can identify
so that we can regard at the elements of C(G)⊗ X F as continuous maps F : G → F satisfying (3.1,3.2,3.3) . We introduce the following subbundle of C(G) ⊗ X F : 2) ; in order for more concise notations, we write ρ F := α and note that
for every F ∈ C β (G, F ). Thus, we verified that C β (G, F ) is G-stable, and a C*-dynamical system α : G → aut X C β (G, F ) is defined. Since ρ F is a fibered action, we have that α is a fibered action.
We evaluate the fixed point C*-algebra
, and F is a constant map, taking the value
So that, we proved that there is a C*-algebra isomorphism
There is an isomorphism of C*-dynamical systems
Proof. Let us verify that the map is well defined. By Lemma 5.2, the map
thus b ∈ C β (G, F ). Note that intertwines the G-actions: in fact, we have
Let now b ∈ B with b = 0 ; from (6.5) we find η(b) ∈ ∩ g ker(η•α g ) = {0}, thus is injective. We now prove that is surjective (we follow the line of [12, Lemma 3] ). Let F ∈ C β (G, F ) (we regard at F as an element of C X (G, F ), so that there is a family F x ∈ C(G x , F x ), x ∈ X , associated with F ). Then, for every g ∈ G there is b ∈ B such that b(g) = F (g). Let ε > 0 ; for every g ∈ G, we consider the open set U g ⊆ G ,
thus U g is invariant w.r.t. the left H -action. By construction {U g } g is an open cover for G ; we pick a finite subcover {U g k } k , with the associated b (k) ∈ B satisfying (6.8). Let p H : G → Ω be the projection (4.15). Since every U g k is H -invariant, there is a partition of unit {λ k } ⊂ C(Ω), with {λ k • p H } ⊂ C(G) subordinate to {U g k }. We define
Corollary 6.3. The map restricts to a C*-algebra isomorphism
′ ∩ F , we obtain (6.9).
Corollary 6.4. Suppose A ′ ∩ B = C ∨ Z . Then, the following equalities holds:
(we regard at the elements of η(A) as constant F -valued maps in C β (G, F )).
Let now q : Ω → X be an homogeneous G-bundle, so that there is a right translation action
(see Ex.5.2). According to Lemma 5.5, there is a continuous section s : X ֒→ Ω, q•s = id X , so that there is an homeomorphism Ω ≃ H/ SUE for some subgroup H ⊆ G. Note that C(Ω) is a unital C(X)-algebra, with structure morphism
and identity 1 Ω ∈ C(Ω). We denote by
the pullback vector bundle of E over Ω (see [21, I] ), and by q E the associated Hilbert C(Ω)-bimodule of continuous sections. Note that there is an isomorphism of Hilbert C(Ω)-bimodules
where ⊗ C(X) denotes the tensor product with coefficients in C(X) (see [22, 2.19] ). Let now B be the Cuntz-Pimsner algebra associated with q E . By the previous considerations, it follows that B is continuous bundle over Ω with fibre
. By applying (6.20) , by universality there is a C(X)-algebra isomorphism
since B is a tensor product of unital C(X)-algebras, B is a unital C(X)-algebra itself. Thus, B is an upper-semicontinuous bundle over X ; for every x ∈ X , the fibre B x is given by the C*-algebra of continuous maps C(Ω x , O d ). An alternative way to describe B is by using generators and relations:
where c ∈ C(Ω), ψ l ∈ q E is the image of ψ l ⊗ 1 Ω w.r.t. the isomorphism (6.20) , and i q is defined by (6.19) . Note that ψ l (ω) = (ω, ψ l (q(ω)) ), ω ∈ Ω.
We now define a fibered G-action on B . At this purpose, note that if g ∈ G,
the element of E x obtained by applying g(x) to v ∈ E x ; note that such an action by elements of G x coincides with the action (6.18), if extended to O Ex ≃ O d . Now, qE is a G-vector bundle in the sense of [31] , with action
note that every g ∈ G defines a Hilbert space isomorphism (qE) ω ≃ (qE) ωg . In equivalent terms, we have that q E is a G-Hilbert C(Ω)-bimodule, carrying the action
where ψ : Ω → qE is a generic element of q E (see [1, §1.6] ). Note that the action (6.22) is not C(Ω)-linear on q E . In the particular case ψ = ψ l , (6.22) takes the simpler form
By universality of the Cuntz-Pimsner algebra, there is an action
obtained by extending (6.22) to B (recall that q E is a set of generators for B ).
It is clear that α is a fibered action, with
where F ∈ C(Ω x , O d ), ω ∈ Ω x , y ∈ autO d is defined by (6.18), and ωy −1 ∈ Ω x is defined according to the fibered translation action Ex.5.2 (recall that Ω x is homeomorphic to H x / SU(d) for some closed group H x ⊆ SU(d) , see Lemma 5.4).
Thus, we constructed a fibered C(X)-system (B, G, α) with B ′ ∩ B = C(Ω).
Lemma 6.7. Let A := B α ; then A ′ ∩ B = C(Ω) and A ′ ∩ A = C(X).
Proof. Let P r denotes the permutation group of r > 1 objects, p ∈ P r ; we denote by θ Let { θ p (ω) ∈ O d } ω be the vector field associated with θ . Then, a direct verification shows that θ p (ω) ≡ θ p , ω ∈ Ω. Now, for every g ∈ G, y ω := g(q(ω)) ∈ SU(d) , we find (α g ( θ p )) (ω) = y ω ( θ p (ωg −1 )) = y ω (θ p ) = θ p = θ p (ω) thus θ p ∈ A for every p ∈ P r , r ∈ N. Let t ∈ A ′ ∩ B ; if {t(ω) ∈ O d } ω is the vector field associated with t then [t(ω), θ p (ω)] = [t(ω), θ p ] = 0 for every ω ∈ Ω, p ∈ P r , r ∈ N. By [13, Lemma 3.2] we find t(ω) ∈ C, and t ∈ C(Ω).
In particular, if t ∈ A then t ∈ C(Ω) α = C(X).
By applying Thm.6.6, we obtain a C(X)-algebra F carrying a fibered action β : H → aut X F , where H is defined according to (6.2) . We now verify that moreover, since η is surjective, we find η( l ψ l ψ * l ) = 1 . The previous computations imply that the set { η( ψ l ) } l satisfies (6.16); thus we proved (6.25), with η( ψ l ) = ψ l , l = 1, . . . , n. By recalling (6.4) and (6.22), for every h ∈ H we find β h (ψ l ) = β h • η( ψ l ) = η • α h ( ψ l ) = η(h ψ l ) . by using (6.28), we find β h (ψ l ) = h(ψ l ). Since {ψ l } generates O E , we obtain β h = h, h ∈ H , thus we proved the isomorphism (6.26) . Finally, about the isomorphism (6.27), from Thm.6.6 we obtain O H [6, §2] ). In other terms, H is isomorphic to E as a H 0 -Hilbert Z -bimodule, and by universality of the Cuntz-Pimsner algebra we obtain the desired monomorphism.
